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Abstract 

In this note, we prove that the CR manifold which is induced from the canonical parabolic geometry 
of a quaternionic contact (qc) manifold via a Fefferman-type construction is equivalent to the CR twistor 
space of the qc manifold defined by O. Biquard. 

1 Introduction 

As introduced by O. Biquard in [3], a quaternionic contact (qc) manifold is given by a 4-tuple Ai = 
{M,V, [g],Q), where M is a manifold of dimension 4n + 3; V C TM a distribution of co-rank 3; [g] a 
conformal class of positive-definite Carnot-Caratheodory metrics defined on D; Q a rank 3 sub-bundle of 
End(X') (all C°°); and where we assume that Q admits local bases {/i, /2, /a} satisfying the quaternion rela- 
tions (so = —Id, I1I2 = —I2I1 = I3) and V is given as the kernel of local 1-forms ry^,rf',rf, so that the 
following compatibility relation holds for all u,v G V, a = 1, 2, 3 and some g G [g]: 

dr]''{u,v)^2g{IaU,v). (1) 

In dimension 7, i.e. for n = 1, the following integrability condition, due to D. Duchemin [7], will also be 
assumed: The local 1-forms 77" above may be chosen so that the restrictions of the 2-forms dr]"^ to V form 
a local oriented orthonormal basis of A^2?*, and local vector fields ^1,^2,^3 (called the Reeb vector fields of 
the exist, which satisfy 

^a^r^" = 5l and {ia^dif)\v = -{ib^djf)\v, (2) 
for a,b ^ 1, 2, 3 (in higher dimensions, we always have existence of the Reeb vector fields). 

A qc structure is naturally defined on the boundary of the rank one symmetric space ]E1IH"+^ = Sp{l, n + 
I) / Sp{l)Sp{n + l) (the boundary is diffeomorphic to 5"'"+^), and more generally qc structures can be thought 
of as the natural geometric structures at "conformal infinity" of asymptotically symmetric quaternionic- 
Kahler manifolds. Indeed, one of the central results of Biquard's foundational study [3| (Theorem D) says 
that any real analytic qc manifold can be realised as the conformal infinity of a unique asymptotically 
symmetric quaternionic-Kahler metric which is real analytic up to the boundary and defined in a neighbour- 
hood of M. 



Quaternionic contact structures are the quaternionic analog of Cauchy-Riemann (CR) structures, and 
there are interesting relations between the two types of geometric structure. An important step in the proof 
of Biquard's Theorem D is the construction of a natural CR structure on the total space Z of a 2-sphere 
bundle naturally associated to a qc structure Ai. The space Z together with this natural CR structure is 
called the twistor space of the qc structure A4. (For the construction and proofs of naturality and integra- 
bility, cf. II. 5 of 13_; we briefly recall the definition in Section 3.) 

An alternative approach to qc structures is via parabolic geometry: Any qc manifold A4 can be canonically 
identified with a Cartan geometry (tt : — > M,uj) of parabolic type {G,P), where G = Sp{l,n+ l)/{±Id} 
and P C G is the parabolic subgroup which is the image under the quotient of the stabiliser in Sp{l, n+ 1) 
of a light-like quaternionic line in H^-""*"^. That is, ir : Q ^ M is a P-principal bundle, and uj € n^{Q;g) is 
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a Cartan connection of type (G, P). (This is an application of Theorem 3.1.14 of [5], to which the reader is 
also referred for background on parabolic geometry; some details of the parabolic structure of a qc manifold 
are given in Section 2 of [2].) 

Using the Cartan geometry, there is an elegant way to associate a natural CR structure to the qc structure 
M. Namely, with respect to the inclusion G ^ G := SU{2, 2n + 2)/{±Jd}, and for the parabolic subgroup 
F C G which is the quotient of the stabiliser in SU{2, 2n + 2) of a light-like complex line in C2'2n+2 iji.n+i^ 
we have P Ci G C P and G/{P HG) = G/P. These conditions allow one to execute a Fefferman-type con- 
struction (cf. 4.5 of [5] for the general procedure, which includes the application to this specific case in 
4.5.5): From (tt : f/ — !> Af, w), this construction yields a canonical Cartan geometry (tt : — > M,d)) of type 
(G, P). A Cartan geometry of the latter type (which is also parabolic) is known to induce a partially inte- 
grable CR structure of real signature (4n-|-2, 2) on the base space M (some details are recounted in Section 2). 

Let us refer to the result as the CR Fefferman space of 7W. In fact, as a by-product of the proof of the 
main result in [1] (cf. Theorem 5.1), the Cartan geometry (t/, Cu) of CR type is both normal and torsion-free, 
and hence (cf. 4.2.4 of [S]) the induced CR structure is integrable. A natural question is as to the relation 
between this integrable CR structure and the CR twistor space Z of A^. The purpose of this note is to prove 
that they coincide, confirming the expectation expressed in 4.5.5 of [S]: 

Theorem A. Let M. = (Af, 2?, [5],Q) be a qc manifold (assumed integrable in dimension 7), and let [Q 
M,Lu) denote the CR Fefferman space induced from the canonical parabolic geometry of M. Then M is 
naturally identified with the twistor space Z, and the induced CR structures coincide. 

We expect this result to have useful applications for studying the twistor space of a qc manifold, such 
as computing the Webster scalar curvature for a natural pseudo-hermitian structure on Z induced by a 
choice of f; S [g], and these will be developed elsewhere. For now, we mention one immediate corollary of 
Theorem A: The conformal class of Fefferman metrics of a qc manifold Ad (defined on the total space of 
a natural S^- or S'0(3)-bundle over M, cf. Theorem II. 6.1 of [3]) is, up to a finite covering, conformally 
equivalent to the conformal class of (classical) Fefferman metrics of its twistor space Z (defined on a natural 
S'^-bundle over a CR manifold, cf. [8], [9]), confirming the expectation expressed in Remark II. 6. 2 of [3]. This 
corollary follows because we have proven in [1] that the Fefferman-type construction which, using parabolic 
geometry, induces from M. a natural conformal structure of signature (4n -1-3,3) is conformally equivalent 
to the conformal structure defined by Theorem II. 6.1 of [3] (this is the equivalence (i) <^ (iv) in Theorem 
A of [1]). On the other hand, carrying out the Fefferman construction of conformal type on A4 is obviously 
equivalent to first carrying out the Fefferman construction of CR type, and then carrying out a Fefferman 
construction of conformal type on the resulting CR structure. But in [3] it was shown that the result of the 
latter construction is conformally equivalent, up to a finite covering, to the classical Fefferman metric of a 
CR manifold. 

2 Background on the flag structures of qc and CR manifolds 

In general, for G a semi-simple Lie group, a parabolic subgroup P C G determines an associated |fc|-grading 
of the Lie algebra g for some G N: q — Q-k (B ■ ■ ■ (B Qk as a vector space, [di,dj] C Qi+j and P (with 
Lie algebra p = go ® . . . © 0fe) consists of the elements in G whose adjoint action preserves the associated 
filtration g = g"'^ D . . . D g"*^ (where g* := g^ © . . . © Qk)- The parabolic subgroup has Levi decomposition 
P = Go « P+ where Go C P is reductive and its adjoint action preserves the grading of g, while P+ C P is 
a normal, nilpotent subgroup, which is diffeomorphic under the exponential map to p+ :~ g^, consisting of 
those elements which strictly increase the grading of elements in g under the adjoint action. An important 
object for understanding the underlying geometry on M (called a flag structure) which is induced by a Car- 
tan geometry {Q M,uj) of parabolic type {G,P), is the bundle ttq ■ Go ^ M, given by Qo '■= G/P+- The 
filtration of g induces a filtration of the tangent bundle TM via the isomorphism TM = Q XAd(P) s/p (which 
is general for Cartan geometries) , and the Cartan connection ui identifies the bundle Go as a reduction of the 
associated graded tangent bundle to Go (see Chapter 3 of [S]). 
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Now we fix some concepts and notation for the parabolics associated to qc and CR structures, and from 
here on (G, P) and (G, P) will denote these fixed parabolic pairs, as indicated in the introduction: First, let 
Q be the non-degenerate quaternion-hermitian form on H"+^ defined by: 



Q{x) := XoXn+l + ^ XaXa + X„^ 




where we fix the standard ordered basis {do, . . . , dn+i} of E1I"+^ over H and let e H denote the corresponding 
coordinates of x. A calculation yields: 

a z q 

:=sp((9) = {( X Aq -z* I |a G H,Ao G sp(n),p,g G Im(H),a;,z* G H"}, (3) 
p ~x* ~a 

which shows the |2| grading of g associated to the parabolic subalgebra 

p := stab(Hdo) = { I -z^ \^q}- 

—a 

We use the form of general elements of g given by ([3]) in order to employ a space-saving notation for ele- 
ments of the specific grading components: E.g., for p G Im(H) we write \p\-2 G 0-2 to denote the matrix 
as in ([3]) with all other entries set to zero; in a similar manner, for x G H" we write G fl-i and for 

(a,Ao) G W(Bsp{n) = csp(l)sp(n) we write [(a,Ao)]o G go; etc. 

Now we let G := Sp{Q)/{±Id}, which has Lie algebra g, and let P C G be the parabolic subgroup (with 
Lie algebra p) which is the image of the stabiliser in G of Hdo. A further calculation shows that the reductive 
subgroup preserving the grading components of g is: 

r/.z \ ] 

Go-< A \ \s<=M+,z<^Sp{l),AeSp{n)\ /{±Id}, (4) 
[ \ s-^z j J 

so Go = CSp{l)Sp{n) and P+ = (H")* k (Im(H))*. 

In Section 2.2 of [2], we have given a detailed description of the bundle ttq : Qo :— G /P+ M \a terms of 
the underlying data (M, 2?, [g],Q) of a qc manifold, and the explicit action of elements [(s,2;,A)] G Go 
on this bundle: A point u G ^o is given by a basis u = (ei, . . . , 64,1) of I'7ro(«) which is symplectic 
with respect to a metric g G [g] and a choice of local quaternionic basis {Ji,/2,/3} of Q near 7ro(u). 
This gives an isomorphism : 2?7to(«) ~^ 0-i — ^'^'^ hence for T~^Qo := {Tt:q)^^{V) we get 

a partially-defined 1-form w_i G r(Lin(T-i^?o; 0-i)) by lo-i{0 := [u]-i(r„7ro(0) for ^ e ^V'^o- By 
construction, w_i is Go-equivariant with respect to the Go-module structure (0_i,Ad|GQ) = {W^,p-i), 
where p_i([(s, z, A)]) : x 1— >■ s~^A{x)'z. In addition, we have a 1-form oj-2 G Sl^(5o;0-2) which by con- 
struction is Go-equivariant with respect to the Go-module structure (0_2,Ad|G„) = (Im(]HI), p_2), where 
p^2{[{s:Z,A)]) : p ^ s~'^zpz. 

Fixing a Carnot-Caratheodory metric g G [g] determines a scale for the parabolic geometry {Q,uj), and 
hence a (exact) Weyl structure, i.e. a Go-equivariant section cr : Qq ^ Q . Under pull-back via the section a, 
the Cartan connection w satisfies: {a*uji)\Tigo — for * = "1; ~2 as described above. (See [2], where the 
component cr*cjo was also computed.) A fixed g G [g] also determines a complement V C TM of 2?, given as 
the span of local Reeb vector fields (which is invariant for a fixed g). 

Now let Q be the non-degenerate complex-hermitian form on C^"+"' defined by: 

n n 

Q{y, z) := yoy^ + X! ^'^^ + Un+iVo + zo^^ + ^ Za'z^ + z„+iz^, 

a—1 a—1 



3 



where we identify a vector y + jz £ 13"+^ with {y, z) G C^"+^. We have the standard inclusion ip : gl{n + 
2,H) ^ 0[(2n + 4,C), given by: 

and one can verify that this is compatible with the chosen identification 13"+^ = C^""*"*, i.e. that (U +jV){y + 
jz) ~ ip{U + jV){y, z). (In particular, for p C g := su(Q) the parabolic subalgebra given by p :— stab(Cdo), 
we have Lp^^{p) C p.) 

One can now calculate the decomposition of according to the |2|-grading associated to p, but to save 
space we will only give the form of the component 0_i, because this is all we need explicitly. We have: 



r / 



0-1 












y 











-t 





z_ 








z 








z+ 

















— ~ 



y,z 6 C",z_,z+ e C 



(Let us denote an element as above with the row vector (y, z_, z, z+) £ 0-i.) One verifies that the inclusion tp 
satisfies (/9(p+) C p, and that ip{Q~^) C 0""^. Furthermore, if we let x — Xu+jxy S H", p = Pu+jPv G Im(H) 
and a = a„ + ja^ £ M, Aq £ sp{n), then we can compute the following formula for the image of elements of 
p under the map ip^i ~ projg_^ o Lp: 

<^-i : [p]-2 H> (0,0,0, G 0_i; (5) 
V'-i : M-i H> (x^, 0, -a;„,0) G 0^i; (6) 
ip-x : [(a, Ao)]o ^ (0, a„, 0, 0) G 0_i. (7) 

Letting G := SU{Q)/{±Id], then the same map gives us an injective homomorphism $ : G G with 
differential — p. Furthermore, for the (reductive) subgroup Gq of elements which preserve the grading 
components of the |2|-grading of associated to p, we have Go = (M+ x U{1) x SU{1^ 2n + l))/{±/d}. 

Now let us describe how a Cartan geometry (tt : — > M,Cj) of type {G,P) induces a (a priori partially- 
integrable) CR structure on the base space: The Cartan connection w by definition determines a linear 
isomorphism uju '■ T^Q — ^ at each point u G t/, so in particular this defines a distribution T~^Q C TQ 
defined by T:^^Q := d)~^(0~^). This defines a distribution V C TM by letting, for any point x G Af, 
Vx :— TuTr{T^^Q) for some u G Qx- Since the subspace 0^^ := 0_i © p C is Ad(P)-invariant, and the 
Cartan connection uj is Ad(P)-equivariant by definition (i.e. = Ad(p~^) o w), it follows that this distri- 
bution is well-defined. Also, rankR(P) = dim(0~^/p) = dim(0_i) = An + 4, which shows that 2? is a co-rank 
1 distribution on M (since dim(M) — dim(0/p) = 4n + 5). 

Now let us specify a natural almost complex structure J on T): Clearly, one can choose a Gg-invariant 
complex structure Jq on 0_i = c2n+2 ^-g ^^ scalar multiplication by — i), and in fact such a choice is unique up 
to sign. Since 0_i = 0~^/p as P-modules, and P+ acts trivially on 0~^/p, we get a P-invariant endomorphism 
of 0^^ from Jo by extending trivially to p, and we'll also denote this by Jo. For x G Af and X G Vx, choose 
u G and X G T-'^G such that r„^(X) = X. Then we define 

J{X) :-r„7f((:;-i(Jo(^(X)))). 

Again, equivariance of w and P-invariance of Jq may be invoked to verify that this definition is proper. 



3 Proof of Theorem A 

First let us recall the construction of the twistor space Z and its CR structure from [5] (we refer also to the 
exposition in Section 3 of [6j): The space Z C Q is defined fibre- wise, for each point x G M, to be the set of 
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complex structures on "D^ in Q^x'- 

:= { / e I /2 = -Idv.^ }. 

This is evidently a ^^-bundle over M, since any choice of a local quaternionic basis {/i, /2, -^3} of Q around 
a; determines an identification of the restriction of Z to a neighbourhood of x with the endomorphisms 
/ = fli/i + 02/2 + 03/3 e Q such that a\ + a\+ a\^l. 

If we fix a choice of Carnot-Caratheodory metric g G [g], then we have a distinguished linear connection 
V on M (cf. Theorem B, |5 ), called the Biquard connection of g, which induces a horizontal distribution on 
Z, i.e. we have: 

TiZ = HorfiZ) ® VeriiZ), 

where Verj{Z) = Tj{Zx) is the vertical tangent bundle at I ior I ^ Z^- In particular, a choice of g e \g\ 
determines in this way the horizontal hft of a vector X e T^M to G HorJ{Z) C T/Z. 

A CR distribution "H C TZ is defined as follows: For / = ai/i + 02/2 + 02-^3 £ Z^, a corresponding 
vector ^7 G V2; C Tr^M is given by letting = aifi + a2'^2 + 13^3, where ^1, ^2, ■^3 are the Reeb vector fields 
defined locally around x for the unique choice of 1-forms 77^ , 77^ , 77"^ which locally define D and are compatible 
with the local basis {Ii,l2, 13} and the metric g in the sense of identity ([T]), and whose existence is assumed 
in dimension 7. Declaring ^1,^2,^3 to be orthonormal, we also have an inner product on Vx, and a rank 2 
subspace C Vx for any I € Zx- Biquard defines: 

Hi := iCif ®{Vx)^ ®Veri{Z). 

Furthermore, an almost complex structure G r(End('H)) is defined by letting J^-p^-jv = (the horizontal 
lift of /), and defining the restriction of to {(.j')^ and to Verj{Z) to be the natural complex structures 
(described explicitly below). Biquard (resp. Duchemin for n = 1) has proven that the CR structure thus 
defined is independent of a conformal change of 5 G [g], non-degenerate of signature (An + 2, 2), and integrable 
(Theorem 11.5.1 of (Sj). Once we have identified the twistor space Z with the CR Fcffcrman space 
these properties follow automatically since Hj is normal and torsion-free. 

First, let us identify M = Z: By definition, M := G/^^^{P) is the quotient of Q by the subgroup 
<i>-^{P) C P. Since P+ C <I>"i(P) in our case, and := G/P+, we can identify M = Go/iGo n $"^(-P)). In 
fact, in our case the M+ component of Go = CSp{l)Sp{n) — R+ x Sp{l)Sp{n) is contained in $~^(P), 
and so for any reduction ^ Qt^ to the structure group Sp{l)Sp(n) C Go, we get an isomorphism 
M = Qo/{Sp{l)Sp{n) n ^^^(P)). This can be applied, for a fixed choice of 5 G [g], to the reduced frame- 
bundle Qo consisting, fibre- wise, of those frames u = (ei, . . . , e4„) of "Dx which are symplectic with respect to 
g and some local quaternionic basis {/i, /2, 13} of Q. 

Note that the subgroup Sp{l)Sp{n) n $^^(P) consists, with respect to the presentation ([4]), of those 
elements [(l,z, A)] G Go for which z G Sp{l) is of the form z = zq + zii, i.e. z G U{1) C Sp{l). 
Thus, Sp{l)Sp{n) n $-i(P) = U{l)Sp{n). Also, we see that the subgroup Sp{l)Sp{n) n <^-^{P) equals 
the stabiliser of the point i ^ S"^ (identifying S*^ with the unit imaginary quaternions) under the action 
po : Sp(l)Sp(n) ^ DiffiS^) given by po([l, ^, A]):q^ zqz. 

For a point m G tJo given by a symplectic basis of V with respect to g and {/i,/2,/3}, we identify 
(u, i) ~ /i, (it, j) c± I2 and (it, fc) ~ 13. By definition of the Go action on Qo (cf. Section 2.2 of f2l), this iden- 
tification is invariant under the right action by Sp{l)Sp{n) on C/o x S'^ given by {u,q).g — {ug, po{g^^){q)). 
In particular, this gives an isomorphism Go 'Xpo — 2, as S'^-bundles over M. On the other hand, 
00 Xp„ go/{Sp{l)Sp{n) n 'i>-^{P)), since S'p(l)S'p(n) n $-i(P) is the stabiliser of i under the ac- 

tion Pq. 

In summary, this gives us the identification AI = Z (and hence a submersion which we'll denote 
Po ■ Go ^ Z, given by sending u E Go the point in Z identified with [(u,*)] G Go Xpo S'^)- From 
the preceding argument, the following fact about this identification is evident: Fixing a local quaternionic 
basis {/i, 12,-^3} of Q around x G Af and a point u G (^0)2; corresponding to this basis (and to g G [(?], which 
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is fixed throughout), then for any point / = 01/1(2;) + 02/2(2^) + 03/3(2;) G we have / = po{ugi) where 
gi = [(l,z/,/(/)] for some zj G Sp{l) such that po{gi){i) — ziizj — aii + a2j + a^k. This will be useful for 
subsequent calculations. 

In the next step, we identify the induced CR distribution on Z corresponding to P C TM. We will abuse 
notation slightly by writing Vj C TjZ for I £ Z. From the construction of the Fefferman space {Q, w), we have 
an inclusion l : Q Q bundles over M, and the Cartan connections are related by l*Cj — (pooj. Moreover, 
the composition ttol : Q ^ M equals the defining projection p : Q ^ M := Q/^~^{P). Denoting the induced 
projection by p : — > M, we thus have Vj = Tup{{ip o (jJu)~^{q~^)) for a choice of m £ p~^(/). If we denote 
by CT : ^0 5 the Go-equivariant section (Weyl structure) corresponding to the Carnot-Caratheodory metric 
g G [g], let u G Go, I = Q-iA + 0,212 + 02/3 and gi, zj be as in the preceding paragraph, then ugj G pQ^{I) 
and we have 

As noted in Section 2, we have ip{g^^) C g^^. Hence, for I £ Z^ and any X £l)x C T^M, if X G Tug^Go 
is any lift of X to the point ugi, then Tugjpo{X) G Vj (since a*uj{X) G 0^^)- Also, any vertical (over 
M) tangent vector in T^gjGo projects to Vj. In particular, (2?x)^ ffi Verj{Z) C Vj, since we can take the 
horizontal lift X^ of any vector X G to ugj with respect to the Biquard connection form on Go, which 
clearly projects to X^ G TjZ. 

To show the inclusion {(.j')^ C Vj (and hence the equality Hi = "Di), we first look closer at the image 
^{3-2) C g: Namely, one calculates that c/?([— j]_2), v([— fc]-2) S 0-i C g^^. For I £ Z^ and u £ Go, 
gi £ Sp{l)Sp{n), zj £ Sp{l) as specified above, we define J,K £ Z^ hy J 61/1 + 62^2 + &3^3 and 
K :— ci/i + C2/2 + C3/3, for bii + 1)2] + bj,k := z/jzj and cii + 02] + c^k := zikYJ. Then ^j, S V^; span the 
orthogonal complement of ^/ in Vx- By construction, w_ 2 (u)(C./) ~ [—zijW]~2 and w_2(u)(^i<-) = [— z/fcz7]_2 
for £,j,S,K any lifts of £,j,^k, respectively, to the point u. Using Go-equivariance, we get: 

uj-2iu9i){{RaMij)) = iR*g,uj^2){uMj) = Ad(g7i)(w_2(w)(6)) 

= zY{uj^2{u){ij)) Zi ^ [-j]-2- 

Similarly, iO-2{ugi){{Rg,),{{K)) = [-k]-2- Thus {RgM(j), {RgMU) e {'foa*uj)-\Q-^) C T^g^Go (and 
hence any lifts of the vectors ^j,S,k to the point ugi £ Go) project via po to Vj, so (C/")^ C 

It remains to compute the induced almost complex structure J on T>. For this calculation, we only need to 
consider the components {ip-ioa*uj<){X) for X G Tf/o, where w< uj-2+oj-i+ujo, since ip{p+) C p. First, 
note that for any X £ Vx, the horizontal lifts of X to vectors in ^0 with respect to the Biquard connection 
and the Weyl connection wq = cr*ijJo are the same, so in particular we have a*ijj<{X^) = u:-i{X^) for X^ the 
horizontal lift via the Biquard connection. This follows from the computation of the Weyl connection with 
respect to the Weyl structure a induced by g G [g], cf. Theorem 3.7 of [2]. On the other hand, let us denote 
by G TuGo the horizontal lift of a Reeb vector field S Vx to the point u with respect to the Biquard 
connection (where u and the basis {/i,/2,/3} are related as specified above). Then it follows from the same 
result that a*uj<{£_^) = uj^2{^a) + ^o{^a) and we have: 

^o(e) = [(§9*a,C.A(e))]oG0O (8) 

where Sg :— scal/32n(n + 2) is the rescaled qc scalar curvature of 17 G [g] and ii :~ i, 12 '■= j, ia '= k. 

Using dS]) and the formulae ^ and (O, one sees that 

i^.io a* u<){ugi){^'} (ugj)) = {^^, o <j*uj<){ugi){{Rg,),{ej{u))) = (0,83,0,-1) 

and {ip-i o a*uj<){ugj){^'^{ugj)) = (0, — Sgi, 0, i). Thus, if we denote by Jq the complex structure on g_i 
given by component-wise multiplication by —i, then one computes: 

Mi^-i o a*u<){^!}{ugi))) - if -I o a*uj<){^'l,{ugi)); 
Jo((<p-i oa*uj<){£_'^{ugi))) = -(<p-i o a*uj<){^j{ugi)). 
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So on Vj, the restriction of J to is given on basis vectors by: 

J--^J -^^I^i^ix O)^ = (C/o,/)^ and J-.a^ = (6 X ^k)^ = (6ok)^, 

where "x" denotes the cross product in Vx = K'^. In a similar way, one sees that the complex structure Jq on 
0-1 induces the natural complex structure on VeriZ: J : J ^ I o J = K and J : K ^ I o K = — J {J,K are 
naturally identified with vectors in Ti{Zx = 5^) since they are orthogonal to /, and one calculates that this 
J is induced from the transformation on VerugjQo which sends the fundamental vector field of [(0, j, 0)] £ go 

to the fundamental vector field of [(0, k, 0)] G go and sending [(0, k, 0)] to —[{0,j, 0)]). 

Finally, to see the restriction of ,/ to {T>x)^ , let X G Vx be such that uj^i{u){X^) — [u]-i{X) = \x]-i G 
Then Jo((p-i(w_i(w)(X''))) = ([a;]_i)i = cp^i{\xl]-i) — since (p^i is clearly C-linear. 

On the other hand, we have = [u]-i{Ii{X)) = {ix]-i (cf. Section 2.2. and Appendix A of [2] ) , 

which shows that at the point Ii G Zx, the restriction of J to {'Dx)'^ C Vj-^ is given by lY ■ On the other hand, 
from the equivariance of w_i it follows that uj-i{ugi){I{X)'^) = [ugi]-i{I{X)) = [ugi]-i{X)i. But we have 
Jo{<f-i{u}-i{ugi){X'^))) = (/7_i([ug/]_i(Ar)i), which shows that the restriction of J to {'Dx)'^ CV C TjZ is 
also given by for arbitrary I £ Zx- This completes the proof of Theorem A. 
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